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Eigenfunctions for clamped rectangular orthotropic
plates
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SIEMENS

EQUATION OF MOTION FOR ORTHOTROPIC RECTANGULAR PLATE

*w(x,y,t 0*w(x,y,t *w(x,y,t 0*w(x,y,t
p dwkeyt) wyt) o 0wyt 0wy t)

2D + 0
1 Ox4 3 axzayz 2 ay4. P 92
__ En® _ E3h3  Gyah? B ~ ~
L 12(1-912921)" T2 T 12(1-9129,1)" 00 T 12 D3 = D13 + 2Dg6, D13 = 012D, = 921D,

IfE1=E2=E&1912=1921=19,

ER3 YER3 ER3 ERh3
by =D, = 12(1-92) D & D3 = D1z + 2De = 12(1-92) 12+2%(1-09)  12(1-92)
Then Isotropic Homogenouse case
0°w(x,y,t)

DAAw(x,y,t) + ph 0

Jat2
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SIEMENS

SEPARATION OF VARIABLES

w(x,y, t) = CIJ(x)z/J(y)(Acos(wt) + Bsin(wt))

Then
0*®(x) 0* P ()Y (y) 0" (y) .
D, pyo Y(y) + 2D; 9x20y? + D, 2y ®(x) — p*P)Y(y) =0
Which p* = w?ph
In order for the separation occur,
02 ®(x) 2 0°Y(y) )
5z - M P(x) & 372 - —*P(y)

= ®(x) = Ae** & Y(y) = Be?Y
Then
D1,u4 + 2D3‘u2/12 + D22.4 — B4 = O
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SIEMENS

RoOOTS
pip = *ier + 68 = tiay & pza = £ — 6 = 1B,
2
D3 D.| p* D,
= 2*|[=) —=|+= &6 =22
. \/ <D1> D, D, 1 D4

}{1’2 = iiZ\/EZ + 62 = iiaz & /13,4 = i2/82 — 62 = iﬁz

N AT A
2 u D, D,
At the same time

2 4 2 4
_ 4 &) _Ds| Bt 2Ds _ 4 (D_) _&] B*,  2Ds
%2 \/ \/al [(Dz Dl] T D, N1 D, & N D, D, T D, ta D,

4 D
& Sy =pi
+D2 2 D,

D,D, — D3

4p*
D4? (@? - ﬂlz)z

(a12 + Blz)z +
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SIEMENS

SOLUTION
®(x) = Ajcosa,x + Bysinayx + CicoshfBix + Hysinhf;x
Y(y) = Aycosa,y + Bysina,y + Cycoshf,y + Hysinhf,y

Boundary conditions:
In x direction:
w(0,y) =0=>d(0) =0
w(a,0) =0=>d(a) =0
ow (0, 2P (0
w0,y) _ _ 09(0)

—
0x dx
ow(a, 0P (a
(@) _, _0%@ _
d0x dx
The same in y direction
A1 == —C]_
_ . _ cosaia—coshfia
alBl - 'BlHl with kz - (B1/aq1)sinaia—sinhf1a
Hy = —k,(
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SIEMENS

NORMAL EIGENFUNCTIONS
Assuming C; =1

®d(x) = —cosaix + (B1/a1)kysina;x + coshfix — kysinhfBx
The same for y direciton

V() = —cosazy + (B2/az)kisinayy + coshf,y — kysinhf,y

ORTHOGONALITY?!

Use the same re-orthogonalisation process of eigenfunction 1
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SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

w(x,y,t) = ®()Y(y)

Then for the eigenfunction:

0*®(x) 0* @ () (y) 0P (y)
Dl Ox4 l/)(y) + 2D3 axZayz + DZ ay4 CI)(_X) -0 CD(x)l/}(y) =0
In order for the separation occur,

92 92
o = e & T2 = —y)

= d(x) = Ade"* & P(y) = Be?Y
Then
D1ﬂ4 + 2D3I,l2/12 + Dzl‘l‘ - 6 == O
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SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

iy = tier + 6 = tiay & uzy = e — 8 = B4
2

Ds D,

= () 2

o \/ <D1> D,

}{1’2 = iizﬁgz + 62 = ilaz & /13,4 = iz—\/ Ey — 62 = iﬁz

2
L (EsY e
2 #Dz D,

+(S & 6 —AZD
D, ' " D

5 Dy
— & 6, =put=
+D2 2 D,

At the same time

2 2
D D ) D D D 1) D
— 4 3 2 2 U3 - 4 3 2 2 U3
a, = | |« (—) —=lt——mc=&p, = | |a (—) — =+ =+t a°=
2 \/ \/ 1 l D, Dy D, L p, B2 1 D, D, D, 1 b,
2
5 n2 DiDy — D3 (a2 2)2 _ 46
(“1 + b1 ) + > a°—p17) = )
D3 1
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SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

®(x) = Ajcosa x + Bysinayx + CicoshfBix + Hysinhf;x
Y(y) = Aycosay,y + Bysina,y + Cycoshf,y + Hysinhf,y

Boundary conditions:
In X direction:

w(0,y) =0=>d(0) =0

w(a,0) =0=>d(a) =0
ow(0,y) dd(0)
——=0> =

d0x d0x
0 , 0o
M =0=> (a) —
d0x d0x
The same in y direction
A1 - —C]_
B. = —B.H ith k., = cosaia—coshfia
@151 = '81 1 wi 2 (B1/aq1)sinaia—sinhf1a
Hy = —k;Cy

Restricted © Siemens AG 2013 All rights reserved.

Page 9 2014-10-20 Siemens PLM Software



SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

Assuming C; =1

®(x) = —cosa;x + (B1/a1)kysina;x + coshfBix — k,sinhfx
The same for y direciton

V() = —cosazy + (Bz/az)kisinazy + coshf,y — kysinhf,y

Restricted © Siemens AG 2013 All rights reserved.
Page 10 2014-10-20 Siemens PLM Software



SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS
&, = Ajcosaix + Bysinaq x, &, = Cycoshfpix + Hisinhfx
Y1 = Aycosay,y + Bysinayy, Y, = Cycoshf,y + Hysinhfyy

D(x) = @1 + Dy, V(@) =Y + Y,

R 4 (d b
Dy Tz(;x)‘/)(}’) = D1% (W1 + ) = Dy (ar @y + By @) (W +2)

*w(x,y,t) D 0 (D1 + D) (WY1 + )

2D3 = 2D3(0—’120—’22‘1’11/J1 - a12.322q)11/)2 - .3120522q)21/11 + .312.322¢21/J2)

ax29yz ~ 73 0x29y?
9" o*
0, D0 = 0, T @, 4+ 0) = Dy + 0 (e + )
9*d(x) 0* D ()Y (y) 0" (y)
D, It Y(y) + 2D5 9x20y? + D, 3y" P (x)

= (Dya1* + 2Dz 2ay% + Dyay )@y + (Dyay* — 2D304%8,° + D252 ) @19,
+ (D11 " — 2D3B1 % az? + Dyay)®o1py + (D1 + 2D3B1°By° + Do) D1,
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SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

2 2
— a|(Ps\” _ Dz, 8 _  2Ds — 4 (&) _ D 2 D3
@2 = \/al l(Dz) D1] + D, o D, & ﬂz \/al [ D, D4 t + al D,

D3

(o) -2+ 2 - g2 2 ap,

\/.31 & + + .312 %
2

(D1a14 + 2D3a12a22 + D2a24) =6

(D1ay* — 2D304%B,% + D2 Br*) = 6

(D1B:" - 2Dz, % a? + Dyay*) =6

(D1B1"* + 2D3B1°By" + Do) = 6
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SIEMENS

PROOF OF NORMAL EIGENFUNCTIONS

64CD 54CD a*
D, (x) Y(y) + ax(f;;/’;)’) + D, al/;gy) P(x) = 6(P1Y1 + P12 + Py + DY)
a4c1>( ) 4c1>(x)¢(y) I*Y()
W0 + 20, 2B 1 0, 0) = 50() )

Which § = 8% = w?ph

Restricted © Siemens AG 2013 All rights reserved.
Page 13 2014-10-20 Siemens PLM Software



SIEMENS

PROOF OF SELF-ADJOINT OPERATOR

0* 0* 0*
L_D164' ‘|'2D3a Zayz Dza_y‘l‘
Assuming w; & w, two function satisfy Lw = Aw and the boundary conditions w = Z—x = 0 forx=0,aand w = ay = 0 for
y=0,b

(Lu,v) = f f Lu - vdxdy

(Lu,v) = (u, Lv) ?
f 63W16W2 d d f 63W16W2 d
0x3 ax y=- 0x3 ax Y
_ f@zwlawz fﬁzwlazwz deld ff 62w162w2 4
dx2 Ox r—0a 0x? 6x2 = 0x2 6x2 dx|dy
f anaZWZ f 6W1(93W2 d d _ f f 6W163W2 d d _ ] 63W2
ox ox? | _ ax ox3 )| T ox ox 3 o AR B T

W2
=ffW1dedy

In the same process, ,ff = Ly, dxdy = ffw1

64 63W1
f Fp wzdxdy f

x=0,a

64W2
f Wlm dx dy

x=0

Wa
3y —dxdy
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SIEMENS

PROOF OF SELF-ADJOINT OPERATOR

ffa 23y szdxdy f

f 92w, Ow,
dy? 0x

63W1
dx0dy? W2

f 03W1 aWZ d f f 63W1 aWZ d

_ dx0dy? 6x dx|dy = dx0dy? ax dx| dy
j 92w, 0%w, il g fjazwl 62w2 p 3 fj 0w, dxd
ay? oxz || YT a2 XAy == Y1 gx2gy2 Y

(LWl, Wz) = (Wl, L*W2> &L=1L"

x=0,a

So

with (Lu, v) = [[ Lu - vdxdy
Then
(Lwp, W) — (Wp, Lwy,) = 0

(An = Am) = (W, W) = 0

A=A #0> (W, wy,) =0
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SIEMENS

EQUATION OF MOTION FOR ORTHOTROPIC RECTANGULAR PLATE

*w(x,y,t 0*w(x,y,t *w(x,y,t 0*w(x,y,t
p dwkeyt) wyt) o 0wyt 0wy t)

2D + 0
1 Ox4 3 axzayz 2 ay4. P 92
__ En® _ E3h3  Gyah? B ~ ~
L 12(1-912921)" T2 T 12(1-9129,1)" 00 T 12 D3 = D13 + 2Dg6, D13 = 012D, = 921D,

IfE1=E2=E&1912=1921=19,

ER3 YER3 ER3 ERh3
by =D, = 12(1-92) D & D3 = D1z + 2De = 12(1-92) 12+2%(1-09)  12(1-92)
Then Isotropic Homogenouse case
0°w(x,y,t)

DAAw(x,y,t) + ph 0

Jat2
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SIEMENS

SOLUTION FOR HOMOGENOUS ISOTROPIC CASE

w(x,y,t) = ®()Y(y)

Then
94D (x) 0*d()Y(y) *P(y)
ax4. l»b(y) + 2 axzayz + ay4 (D(X) =0
= ®(x) = Ae®™ & Y(y) = Beh?
Then
a* +2a*B*+p*=0
So
“21,2 — _32 or B21,2 — _a2
a=if,a=if

a=—-if,a=—-if =0 =ia,f =ia
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SIEMENS
Eigenfunction 3

SOLUTION FOR HOMOGENOUS ISOTROPIC CASE

The general solution
w(x,y,t) = (C + Dx)eP* - BePY + (E + Fy)e®Y - Ae®*

= (C + Dx)e® - Be'® + (E + Fy)ePY - Ae'F*

= B(C + Dx)(sinh(ax) + cosh(ax)) - (sin(ay) + cos(ay))
+A(E + Fy)(sinh(By) + cosh(By)) - (sin(Bx) + cos(Bx))

= sin(ay) B(C + Dx)(sinh(ax) + cosh(ax))
+ cos(ay) B(C + Dx)(sinh(ax) + cosh(ax))
sin(Bx) A(E + Fy)(sinh(By) + cosh(By))
+ cos(Bx) A(E + Fy)(sinh(By) + cosh(By))

= sin(ay) [B(C + Dx) sinh(ax) + B(C + Dx) cosh(ax)]
+ cos(ay)[ B(C + Dx) sinh(ax) + B(C + Dx) cosh(ax)]
+ sin(Bx) [A(E + Fy) sinh(By) + A(E + Fy) cosh(By)]
+ cos(Bx) [A(E + Fy) sinh(By) + A(E + Fy) cosh(By)]

Airy Stress Function approach form
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SIEMENS

EIGENFUNCTIONS TEST
If w = Ae® BePY is a solution, w = Axe® BefY is also a solution? w = Aye® BefY or
w = Axye®™ BePY? w = Ax?e® BePY | w = Ay?e®™ BePY etc.

1) w = Axe®* BePY

0w 34,0 B 4 ax 15
W=4a Ae** BePY + 4a*xAe** BePY
4
2 5323yt 2(2ap?Ae® BePY + a?B%xAe™ BefY)
64
F = B*xAe® BePY
AW = dw = 4a3 = —4a3?
2 — _BZ
a=if,a= l[)’
a=-iff,a =—if
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SIEMENS

EIGENFUNCTIONS TEST
If w = Ae® BePY is a solution, w = Axe® BePY is also a solution? w = Ax2e® BePY or
w = Aye®™ BePY? w = Ay?e® BePY w = Axye® BePY etc.

1) w = Ax%e®* Bef¥

04w
Tt 12a34e® BePY + 8a3xAe™ BePY + a*x2Ae?™ BehbY
4
2 axZOyz = Z(Zﬁerax Beﬁy + 4aﬁZera'x Be[)’y + aZ'BZxZAeax Beﬁy)
04w
Fro B4x?Ae** BePY
12a? = -4
AAw = Aw =
A {8a3 = —8ap?
3a? = —p?
o
a®=—p
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SIEMENS

EIGENFUNCTIONS TEST
If w = Ae® BePY is a solution, w = Axe® BePY is also a solution? w = Ax2e® BePY or
w = Aye®™ BePY? w = Ay?e® BePY w = Axye® BePY etc.

1) w = Ax3e®* BefY

o*w
Fk 24ahe®™ BePY + 36a2xAe®™ BePY + 12a3x24e™ BePY + a*x3Ae®™ BefY
4
2 5223y = 2(6B%xAe® BePY + 6af?x%Ae®™ BePY + a?B?x3Ae™™ BebY)
04w
e = B*x3Ae®* BebPY
AAwW # Aw
Conclusion:

Ae® BeBY Axe® BePY Aye®™ BePY Ay*e® BePY Axye®™ BePY, Ax*e®* BePY etc. can not
form a basis of the plate’s eigenfunction.
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SIEMENS

EIGENFUNCTIONS TEST
Ae® BeBY Axe® BePY Aye® BePY, Ay*e® BePY Axye® BePY K Ax*e®** BePY etc. can not

form a basis of the plate’s eigenfunction.

1) w = Ae® BePY + Cxe™ DePY (+Eye™ Febh¥)

only works for isotropic case
could be a solution of AAw = Aw, but meanless for plate vibration
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SIEMENS

NORMAL EIGENFUNCTIONS BASIS
Normal eigenfunction (C=1):

w(x,y) = ®(x) P(y)

®d(x) = —cosaix + (B1/a1)kysina;x + coshfix — kysinhfBx
V() = —cosazy + (B2/az)kisinayy + coshf,y — kysinhf,y

Self-joint operator:
(Lwy,wy) = (wq,L'w,) &L = L*
with (Lu, v) = [[ Lu - vdxdy
A — Ay # 02 (wy,w,,) =0

An orthonormal set in a Hilbert space is an orthonormal basis in this Hilbert space.
1. Norm the eigenfunctions

2. The inner product {(w;, w,) form a vector space W?
3. This W is complete (Hilbert space)?
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SIEMENS

INNER PRODUCT

0* 0* 0*
L= Dl@ + 2D3 —axZayz + Dza—y4
Assuming w; & w, two function satisfy Lw = Aw and the boundary conditions w = Z—V: = 0 forx=0,aand w = g—v; = 0 for

y=0,b
Strain energy for orthotropic plate:

U—lﬂD CATA SN L i RPN (il
) 1\ 9x2 12 9x2 gy2 T 7%\ 9y?2 66\ gxay)

1 92w\’ 92w\ 32w\> 2%w 92w 92w \?
= Efj D1 axz + 2D3 axay + DZ ayz + (D11921 + D21912) — dxdy

0x? dy? dxdy
Strain energy for orthotropic plate:
U—lﬂD GATA R TL ST (il RONPYSRPY (Al i P
2 dx? 0x? 0y? dy? d0xdy Xy

(u,v) = j j Lu - vdxdy

(w,w) = [[ Lw - w dxdy is the bending energy?
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SIEMENS

INNER PRODUCT

(w,w) = ff Lw - w dxdy

—ﬂ 0, Y op, W 5, O v
B L x4 3 0x20y? 2 gy* waxay

[ [pwats - f[5n]_ f<fv:zw>dx]dy— f[f (55) el

B f 9%w ow azwaz 4 J J 62w62 a
B 0x?2 0x r=0a 6x2 ax2 Y= 9x2 6x2 Y

dxd f 23w 3w ow el av = ]' a3waw el 4
ff d WA = | 15,3 ays ay | K| T ay3a ol ind
3 f d°w ow 62W62 A J‘ J‘ azwa2 d 4
- 0y2 9yl _y, ay2 ay Y= ayz ayz | K|
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SIEMENS

INNER PRODUCT
ff dxd f fa3wawdd f a3wawdd
axzay? Y = | axay? ay o axay? ox ) | T T 9x0y? ax ol et
J’ 92w ow J‘ 0%w 9%w jf 9%w 9%w
dxdy 0x y=0b dxdy axay dxdy axay xdy

So, for clamped orthotropic plate:

=(w,w) = ffLw-wdxdy
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SIEMENS

VECTOR SPACE
(u,v) = f f Lu - vdxdy with the eigenfunctions ®,,(x)y, (y) (orthogonal set)form a vector space?

Three elements: wy = Y Xn Amn PmtPn » W2 = Xim Xon Bmn PmPn , W3 = Xom Zn Cnn PmiPnthen
(Wl, Wz) = ff LW1 ' Wzdxdy = ff Wy LWZdXdy = (Wz, Wl)
(O.'W]_, Wz) = ff Lan ' Wdedy =a ff wq - LWdedy = a(Wl, W2>

(Wl + w,, W3> = ff L(Wl + Wz) ' W3dXdy = fj(LWl + LWz) ' W3d.Xdy = Jj LW1 ' W3d.Xdy + ff LWZ : W3d.7Cdy

= (wq, w3) + (wy, w3)

<W1,W1> = -[[ LW1 ' WldXdy = fj A]_W]_ ' WldXdy = f /11||W1||2dXdy >0

(Wl,Wl) =0 =W = 0
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COMPLETENESS OF THE VECTOR SPACE
A normed vector space V is complete if every Cauchy sequence converges.

Cauchy sequence: for a given € > 0sequence w = Y., Yon Amn Pm¥n there exist M,N such
asm,m' >M&nn' >N, ¥, Y A P s — Yom 2on Amn Pmibn| < e

£l w

anjesessesessssisesseaEEn——— W N N = = = W
m=1 m=2 m=3 m=4 M mm e
n=1 m=2 n=3 n=4 N n mn o
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