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Notation 

EQUATION OF MOTION FOR ORTHOTROPIC RECTANGULAR  PLATE 

 

𝐷1

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥4
+ 2𝐷3

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑦4
+ 𝜌ℎ

𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2
= 0 

 

𝐷1 =
𝐸1ℎ3

12(1−𝜗12𝜗21)
, 𝐷2 =

𝐸2ℎ3

12(1−𝜗12𝜗21)
, 𝐷66 =

𝐺12ℎ3

12
, 𝐷3 = 𝐷12 + 2𝐷66, 𝐷12 = 𝜗12𝐷2 = 𝜗21𝐷1 

 

If 𝐸1 = 𝐸2 = 𝐸 & 𝜗12 = 𝜗21 = 𝜗, 

 𝐷1 = 𝐷2 =
𝐸ℎ3

12(1−𝜗2)
= 𝐷 & 𝐷3 = 𝐷12 + 2𝐷66 =

𝜗𝐸ℎ3

12(1−𝜗2)
+ 2

𝐸ℎ3

12∗2∗(1−𝜗)
=

𝐸ℎ3

12(1−𝜗2)
= 𝐷 

 

Then Isotropic Homogenouse case 

 

𝐷∆∆𝑤(𝑥, 𝑦, 𝑡) + 𝜌ℎ
𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2
= 0 
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SEPARATION OF VARIABLES 

 

𝑤 𝑥, 𝑦, 𝑡 = Φ 𝑥 𝜓 𝑦 𝐴𝑐𝑜𝑠 𝜔𝑡 + 𝐵𝑠𝑖𝑛 𝜔𝑡  

Then 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2𝐷3

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 − 𝛽4Φ 𝑥 𝜓 𝑦 = 0 

Which 𝛽4 = 𝜔2𝜌ℎ 

In order for the separation occur, 

𝜕2Φ 𝑥

𝜕𝑥2
= −𝜇2Φ 𝑥  & 

𝜕2𝜓 𝑦

𝜕𝑦2
= −𝜆2𝜓 𝑦  

 

  ⇒  Φ 𝑥 = 𝐴𝑒𝜇𝑥 & 𝜓 𝑦 = 𝐵𝑒𝜆𝑦 

 

Then 

𝐷1𝜇4 + 2𝐷3𝜇
2𝜆2 + 𝐷2𝜆4 − 𝛽4 = 0 
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ROOTS 

𝜇1,2  = ±𝑖 𝜀1 + 𝛿1
2

≡ ±𝑖𝛼1 &  𝜇3,4  = ± 𝜀1 − 𝛿1
2

≡ ±𝛽1 

𝜀1 = 𝜆4
𝐷3

𝐷1

2

−
𝐷1

𝐷2
+

𝛽4

𝐷1
 &  𝛿1 = 𝜆2

𝐷3

𝐷1
 

 

𝜆1,2  = ±𝑖 𝜀2 + 𝛿2
2

≡ ±𝑖𝛼2 &  𝜆3,4  = ± 𝜀2 − 𝛿2
2

≡ ±𝛽2 

𝜀2 = 𝜇4
𝐷3

𝐷2

2

−
𝐷2

𝐷1
+

𝛽4

𝐷2
 &  𝛿2 = 𝜇2

𝐷3

𝐷2
 

At the same time 

𝛼2  = 𝛼1
4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛽4

𝐷2
− 𝛼1

2 𝐷3

𝐷2
 & 𝛽2  = 𝛼1

4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛽4

𝐷2
+ 𝛼1

2 𝐷3

𝐷2
 

 

𝛼1
2 + 𝛽1

2 2
+

𝐷1𝐷2 − 𝐷3
2

𝐷3
2 𝛼1

2 − 𝛽1
2 2

=
4𝛽4

𝐷1
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SOLUTION 

Φ 𝑥 = 𝐴1𝑐𝑜𝑠𝛼1𝑥 + 𝐵1𝑠𝑖𝑛𝛼1𝑥 + 𝐶1𝑐𝑜𝑠ℎ𝛽1𝑥 + 𝐻1𝑠𝑖𝑛ℎ𝛽1𝑥 

𝜓 𝑦 = 𝐴2𝑐𝑜𝑠𝛼2𝑦 + 𝐵2𝑠𝑖𝑛𝛼2𝑦 + 𝐶2𝑐𝑜𝑠ℎ𝛽2𝑦 + 𝐻2𝑠𝑖𝑛ℎ𝛽2𝑦 

 

Boundary conditions: 

In x direction: 

𝑤 0, 𝑦 = 0 ⇒ Φ 0 = 0 

𝑤 𝑎, 0 = 0 ⇒ Φ 𝑎 = 0 

𝜕𝑤 0, 𝑦

𝜕𝑥
= 0 ⇒

𝜕Φ 0

𝜕𝑥
= 0 

𝜕𝑤 𝑎, 𝑦

𝜕𝑥
= 0 ⇒

𝜕Φ 𝑎

𝜕𝑥
= 0 

 

The same in y direction 

𝐴1 = −𝐶1 

                 𝛼1𝐵1 = −𝛽1𝐻1         with 𝑘2 =
𝑐𝑜𝑠𝛼1𝑎−𝑐𝑜𝑠ℎ𝛽1𝑎

𝛽1 𝛼1 𝑠𝑖𝑛𝛼1𝑎−𝑠𝑖𝑛ℎ𝛽1𝑎
 

𝐻1 = −𝑘2𝐶1 
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NORMAL EIGENFUNCTIONS 

 

Assuming 𝐶1 = 1 

Φ 𝑥 = −𝑐𝑜𝑠𝛼1𝑥 + 𝛽1 𝛼1 𝑘2𝑠𝑖𝑛𝛼1𝑥 + 𝑐𝑜𝑠ℎ𝛽1𝑥 − 𝑘2𝑠𝑖𝑛ℎ𝛽1𝑥 

The same for  y direciton 

𝜓 𝑦 = −𝑐𝑜𝑠𝛼2𝑦 + 𝛽2 𝛼2 𝑘1𝑠𝑖𝑛𝛼2𝑦 + 𝑐𝑜𝑠ℎ𝛽2𝑦 − 𝑘1𝑠𝑖𝑛ℎ𝛽2𝑦 

 

 

ORTHOGONALITY?! 

 

Use the same re-orthogonalisation process of eigenfunction 1 
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PROOF OF NORMAL EIGENFUNCTIONS 

 

𝑤 𝑥, 𝑦, 𝑡 = Φ 𝑥 𝜓 𝑦  

Then for the eigenfunction: 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2𝐷3

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 − 𝛿 ∙ Φ 𝑥 𝜓 𝑦 = 0 

In order for the separation occur, 

 

𝜕2Φ 𝑥

𝜕𝑥2
= −𝜇2Φ 𝑥  & 

𝜕2𝜓 𝑦

𝜕𝑦2
= −𝜆2𝜓 𝑦  

 

  ⇒  Φ 𝑥 = 𝐴𝑒𝜇𝑥 & 𝜓 𝑦 = 𝐵𝑒𝜆𝑦 

 

Then 

𝐷1𝜇4 + 2𝐷3𝜇
2𝜆2 + 𝐷2𝜆4 − 𝛿 = 0 
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PROOF OF NORMAL EIGENFUNCTIONS 

𝜇1,2  = ±𝑖 𝜀1 + 𝛿1
2

≡ ±𝑖𝛼1 &  𝜇3,4  = ± 𝜀1 − 𝛿1
2

≡ ±𝛽1 

𝜀1 = 𝜆4
𝐷3

𝐷1

2

−
𝐷1

𝐷2
+

𝛿

𝐷1
 &  𝛿1 = 𝜆2

𝐷3

𝐷1
 

 

𝜆1,2  = ±𝑖 𝜀2 + 𝛿2
2

≡ ±𝑖𝛼2 &  𝜆3,4  = ± 𝜀2 − 𝛿2
2

≡ ±𝛽2 

𝜀2 = 𝜇4
𝐷3

𝐷2

2

−
𝐷2

𝐷1
+

𝛿

𝐷2
 &  𝛿2 = 𝜇2

𝐷3

𝐷2
 

At the same time 

𝛼2  = 𝛼1
4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛿

𝐷2
− 𝛼1

2 𝐷3

𝐷2
 & 𝛽2  = 𝛼1

4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛿

𝐷2
+ 𝛼1

2 𝐷3

𝐷2
 

 

𝛼1
2 + 𝛽1

2 2
+

𝐷1𝐷2 − 𝐷3
2

𝐷3
2 𝛼1

2 − 𝛽1
2 2

=
4𝛿

𝐷1
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PROOF OF NORMAL EIGENFUNCTIONS 

 

Φ 𝑥 = 𝐴1𝑐𝑜𝑠𝛼1𝑥 + 𝐵1𝑠𝑖𝑛𝛼1𝑥 + 𝐶1𝑐𝑜𝑠ℎ𝛽1𝑥 + 𝐻1𝑠𝑖𝑛ℎ𝛽1𝑥 

𝜓 𝑦 = 𝐴2𝑐𝑜𝑠𝛼2𝑦 + 𝐵2𝑠𝑖𝑛𝛼2𝑦 + 𝐶2𝑐𝑜𝑠ℎ𝛽2𝑦 + 𝐻2𝑠𝑖𝑛ℎ𝛽2𝑦 

 

Boundary conditions: 

In x direction: 

𝑤 0, 𝑦 = 0 ⇒ Φ 0 = 0 

𝑤 𝑎, 0 = 0 ⇒ Φ 𝑎 = 0 

𝜕𝑤 0, 𝑦

𝜕𝑥
= 0 ⇒

𝜕Φ 0

𝜕𝑥
= 0 

𝜕𝑤 𝑎, 𝑦

𝜕𝑥
= 0 ⇒

𝜕Φ 𝑎

𝜕𝑥
= 0 

The same in y direction 

𝐴1 = −𝐶1 

                 𝛼1𝐵1 = −𝛽1𝐻1         with 𝑘2 =
𝑐𝑜𝑠𝛼1𝑎−𝑐𝑜𝑠ℎ𝛽1𝑎

𝛽1 𝛼1 𝑠𝑖𝑛𝛼1𝑎−𝑠𝑖𝑛ℎ𝛽1𝑎
 

𝐻1 = −𝑘2𝐶1 
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PROOF OF NORMAL EIGENFUNCTIONS 

 

Assuming 𝐶1 = 1 

Φ 𝑥 = −𝑐𝑜𝑠𝛼1𝑥 + 𝛽1 𝛼1 𝑘2𝑠𝑖𝑛𝛼1𝑥 + 𝑐𝑜𝑠ℎ𝛽1𝑥 − 𝑘2𝑠𝑖𝑛ℎ𝛽1𝑥 

The same for  y direciton 

𝜓 𝑦 = −𝑐𝑜𝑠𝛼2𝑦 + 𝛽2 𝛼2 𝑘1𝑠𝑖𝑛𝛼2𝑦 + 𝑐𝑜𝑠ℎ𝛽2𝑦 − 𝑘1𝑠𝑖𝑛ℎ𝛽2𝑦 
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PROOF OF NORMAL EIGENFUNCTIONS 

Φ1 = 𝐴1𝑐𝑜𝑠𝛼1𝑥 + 𝐵1𝑠𝑖𝑛𝛼1𝑥, Φ2 = 𝐶1𝑐𝑜𝑠ℎ𝛽1𝑥 + 𝐻1𝑠𝑖𝑛ℎ𝛽1𝑥 

𝜓1 = 𝐴2𝑐𝑜𝑠𝛼2𝑦 + 𝐵2𝑠𝑖𝑛𝛼2𝑦, 𝜓2 = 𝐶2𝑐𝑜𝑠ℎ𝛽2𝑦 + 𝐻2𝑠𝑖𝑛ℎ𝛽2𝑦 

 

Φ 𝑥 = Φ1 + Φ2, 𝜓 𝑦 = 𝜓1 + 𝜓2 

 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 = 𝐷1

𝜕4(Φ1 + Φ2)

𝜕𝑥4
𝜓1 + 𝜓2 = 𝐷1 (𝛼1

4Φ1 + 𝛽1
4Φ2) 𝜓1 + 𝜓2  

2𝐷3

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥2𝜕𝑦2
= 2𝐷3

𝜕4(Φ1 + Φ2) 𝜓1 + 𝜓2

𝜕𝑥2𝜕𝑦2
= 2𝐷3(𝛼1

2𝛼2
2Φ1𝜓1 − 𝛼1

2𝛽2
2Φ1𝜓2 − 𝛽1

2𝛼2
2Φ2𝜓1 + 𝛽1

2𝛽2
2Φ2𝜓2) 

𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 = 𝐷2

𝜕4 𝜓1 + 𝜓2

𝜕𝑦4
(Φ1 + Φ2) = 𝐷2(Φ1 + Φ2) 𝛼2

4𝜓1 + 𝛽2
4𝜓2  

 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2𝐷3

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥

=  𝐷1𝛼1
4 + 2𝐷3𝛼1

2𝛼2
2 + 𝐷2𝛼2

4 Φ1𝜓1 + 𝐷1𝛼1
4 − 2𝐷3𝛼1

2𝛽2
2 + 𝐷2𝛽2

4 Φ1𝜓2

+ (𝐷1𝛽1
4 − 2𝐷3𝛽1

2𝛼2
2 + 𝐷2𝛼2

4)Φ2𝜓1 + (𝐷1𝛽1
4 + 2𝐷3𝛽1

2𝛽2
2 + 𝐷2𝛽2

4)Φ2𝜓2 
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PROOF OF NORMAL EIGENFUNCTIONS 

 

𝛼2  = 𝛼1
4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛿

𝐷2
− 𝛼1

2 𝐷3

𝐷2
 & 𝛽2  = 𝛼1

4 𝐷3

𝐷2

2
−

𝐷2

𝐷1
+

𝛿

𝐷2
+ 𝛼1

2 𝐷3

𝐷2
 

 

𝛼2  = 𝛽1
4 𝐷3

𝐷2

2
−

𝐷1

𝐷2
+

𝛿

𝐷2
− 𝛽1

2 𝐷3

𝐷2
 & 𝛽2  = 𝛽1

4 𝐷3

𝐷2

2
−

𝐷1

𝐷2
+

𝛿

𝐷2
+ 𝛽1

2 𝐷3

𝐷2
 

 

𝐷1𝛼1
4 + 2𝐷3𝛼1

2𝛼2
2 + 𝐷2𝛼2

4 = 𝛿 

𝐷1𝛼1
4 − 2𝐷3𝛼1

2𝛽2
2 + 𝐷2𝛽2

4 = 𝛿 

𝐷1𝛽1
4 − 2𝐷3𝛽1

2𝛼2
2 + 𝐷2𝛼2

4 = 𝛿 

 𝐷1𝛽1
4 + 2𝐷3𝛽1

2𝛽2
2 + 𝐷2𝛽2

4 = 𝛿 
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PROOF OF NORMAL EIGENFUNCTIONS 

 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2𝐷3

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 = 𝛿(Φ1𝜓1 + Φ1𝜓2 + Φ2𝜓1 + Φ2𝜓2) 

 

𝐷1

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2𝐷3

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 = 𝛿Φ 𝑥  𝜓 𝑦  

Which 𝛿 = 𝛽4 = 𝜔2𝜌ℎ 
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PROOF OF SELF-ADJOINT OPERATOR 

𝐿 = 𝐷1

𝜕4

𝜕𝑥4
  + 2𝐷3

𝜕4 

𝜕𝑥2𝜕𝑦2
  + 𝐷2

𝜕4

𝜕𝑦4
  

Assuming 𝑤1 & 𝑤2 two function satisfy 𝐿𝑤 = 𝜆𝑤 and the boundary conditions w =
𝜕𝑤

𝜕𝑥
= 0 for x=0,a and w =

𝜕𝑤

𝜕𝑦
= 0 for 

y=0,b 

𝐿𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

𝐿𝑢, 𝑣 = 𝑢, 𝐿𝑣  ? 

  
𝜕4𝑤1

𝜕𝑥4
𝑤2 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤1

𝜕𝑥3
𝑤2 

𝑥=0,𝑎

−  
𝜕3𝑤1

𝜕𝑥3

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤1

𝜕𝑥3

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦

= −  
𝜕2𝑤1

𝜕𝑥2

𝜕𝑤2

𝜕𝑥
 
𝑥=0,𝑎

−  
𝜕2𝑤1

𝜕𝑥2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤1

𝜕𝑥2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥 𝑑𝑦

=  
𝜕𝑤1

𝜕𝑥

𝜕2𝑤2

𝜕𝑥2
 
𝑥=0,𝑎

−  
𝜕𝑤1

𝜕𝑥

𝜕3𝑤2

𝜕𝑥3
𝑑𝑥 𝑑𝑦 = −   

𝜕𝑤1

𝜕𝑥

𝜕3𝑤2

𝜕𝑥3
𝑑𝑥 𝑑𝑦 = −  𝑤1

𝜕3𝑤2

𝜕𝑥3
 
𝑥=0,𝑎

−  𝑤1

𝜕4𝑤2

𝜕𝑥4
𝑑𝑥 𝑑𝑦

=   𝑤1

𝜕4𝑤2

𝜕𝑥4
𝑑𝑥𝑑𝑦 

In  the same process,  ,  
𝜕4𝑤1

𝜕𝑦4 𝑤2 𝑑𝑥𝑑𝑦 =   𝑤1
𝜕4𝑤2

𝜕𝑦4 𝑑𝑥𝑑𝑦 
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𝜕4𝑤1

𝜕𝑥2𝜕𝑦2
𝑤2 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤1

𝜕𝑥𝜕𝑦2
𝑤2 

𝑥=0,𝑎

−  
𝜕3𝑤1

𝜕𝑥𝜕𝑦2

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤1

𝜕𝑥𝜕𝑦2

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦

= − 
𝜕2𝑤1

𝜕𝑦2

𝜕𝑤2

𝜕𝑥
 
𝑥=0,𝑎

−  
𝜕2𝑤1

𝜕𝑦2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤1

𝜕𝑦2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥𝑑𝑦 = ⋯ =   𝑤1

𝜕4𝑤2

𝜕𝑥2𝜕𝑦2
𝑑𝑥𝑑𝑦 

So 
𝐿𝑤1, 𝑤2 = 𝑤1, 𝐿

∗𝑤2   & 𝐿 = 𝐿∗ 

 with 𝐿𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

Then 
𝐿𝑤𝑛, 𝑤𝑚 − 𝑤𝑛, 𝐿𝑤𝑚 = 0 

 
𝜆𝑛 − 𝜆𝑚 ∙ 𝑤𝑛, 𝑤𝑚 = 0 

 
𝜆𝑛 − 𝜆𝑚 ≠ 0 ⇒ 𝑤𝑛, 𝑤𝑚 = 0 
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EQUATION OF MOTION FOR ORTHOTROPIC RECTANGULAR PLATE 

 

𝐷1

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥4
+ 2𝐷3

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥2𝜕𝑦2
+ 𝐷2

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑦4
+ 𝜌ℎ

𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2
= 0 

 

𝐷1 =
𝐸1ℎ3

12(1−𝜗12𝜗21)
, 𝐷2 =

𝐸2ℎ3

12(1−𝜗12𝜗21)
, 𝐷66 =

𝐺12ℎ3

12
, 𝐷3 = 𝐷12 + 2𝐷66, 𝐷12 = 𝜗12𝐷2 = 𝜗21𝐷1 

 

If 𝐸1 = 𝐸2 = 𝐸 & 𝜗12 = 𝜗21 = 𝜗, 

 𝐷1 = 𝐷2 =
𝐸ℎ3

12(1−𝜗2)
= 𝐷 & 𝐷3 = 𝐷12 + 2𝐷66 =

𝜗𝐸ℎ3

12(1−𝜗2)
+ 2

𝐸ℎ3

12∗2∗(1−𝜗)
=

𝐸ℎ3

12(1−𝜗2)
= 𝐷 

 

Then Isotropic Homogenouse case 

 

𝐷∆∆𝑤(𝑥, 𝑦, 𝑡) + 𝜌ℎ
𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2
= 0 
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𝑤 𝑥, 𝑦, 𝑡 = Φ 𝑥 𝜓 𝑦  

Then 

𝜕4Φ 𝑥

𝜕𝑥4
𝜓 𝑦 + 2

𝜕4Φ 𝑥 𝜓 𝑦

𝜕𝑥2𝜕𝑦2
+

𝜕4𝜓 𝑦

𝜕𝑦4
Φ 𝑥 = 0 

 

  ⇒  Φ 𝑥 = 𝐴𝑒𝛼𝑥 & 𝜓 𝑦 = 𝐵𝑒𝛽𝑦 

 

Then 

𝛼4 + 2𝛼2𝛽2 + 𝛽4 = 0 

So 

𝛼2
1,2 = −𝛽2 𝑜𝑟 𝛽2

1,2
= −𝛼2 

 

𝛼 = 𝑖𝛽, 𝛼 = 𝑖𝛽 

                 𝛼 = −𝑖𝛽, 𝛼 = −𝑖𝛽 ⇒ 𝛽 = 𝑖𝛼,𝛽 = 𝑖𝛼 
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The general solution 

            𝑤 𝑥, 𝑦, 𝑡 = 𝐶 + 𝐷𝑥 𝑒𝛽𝑖𝑥 ∙ 𝐵𝑒𝛽𝑦 + 𝐸 + 𝐹𝑦 𝑒𝛼𝑖𝑦 ∙ 𝐴𝑒𝛼𝑥 

                           = 𝐶 + 𝐷𝑥 𝑒𝛼𝑥 ∙ 𝐵𝑒𝑖𝛼𝑦 + 𝐸 + 𝐹𝑦 𝑒𝛽𝑦 ∙ 𝐴𝑒𝑖𝛽𝑥 

                           = 𝐵 𝐶 + 𝐷𝑥 sinh 𝛼𝑥 + 𝑐𝑜𝑠ℎ 𝛼𝑥 ∙ sin 𝛼𝑦 + 𝑐𝑜𝑠 𝛼𝑦  

                    +𝐴 𝐸 + 𝐹𝑦 sinℎ 𝛽𝑦 + 𝑐𝑜𝑠ℎ 𝛽𝑦 ∙ sin 𝛽𝑥 + 𝑐𝑜𝑠 𝛽𝑥  

            = sin 𝛼𝑦 𝐵 𝐶 + 𝐷𝑥 sinh 𝛼𝑥 + 𝑐𝑜𝑠ℎ 𝛼𝑥  

                   + 𝑐𝑜𝑠 𝛼𝑦 𝐵 𝐶 + 𝐷𝑥 sinh 𝛼𝑥 + 𝑐𝑜𝑠ℎ 𝛼𝑥  

                    sin 𝛽𝑥 𝐴 𝐸 + 𝐹𝑦 sinℎ 𝛽𝑦 + 𝑐𝑜𝑠ℎ 𝛽𝑦  

                   + 𝑐𝑜𝑠 𝛽𝑥 𝐴 𝐸 + 𝐹𝑦 sinℎ 𝛽𝑦 + 𝑐𝑜𝑠ℎ 𝛽𝑦  

               = sin 𝛼𝑦 𝐵 𝐶 + 𝐷𝑥 sinh 𝛼𝑥 + 𝐵 𝐶 + 𝐷𝑥 𝑐𝑜𝑠ℎ 𝛼𝑥  

                                       + 𝑐𝑜𝑠 𝛼𝑦 [ 𝐵 𝐶 + 𝐷𝑥 sinh 𝛼𝑥 + 𝐵 𝐶 + 𝐷𝑥 𝑐𝑜𝑠ℎ 𝛼𝑥 ] 

                                       + sin 𝛽𝑥 𝐴 𝐸 + 𝐹𝑦 sinℎ 𝛽𝑦 + 𝐴 𝐸 + 𝐹𝑦 𝑐𝑜𝑠ℎ 𝛽𝑦  

                                       + 𝑐𝑜𝑠 𝛽𝑥 [𝐴 𝐸 + 𝐹𝑦 sinℎ 𝛽𝑦 + 𝐴 𝐸 + 𝐹𝑦 𝑐𝑜𝑠ℎ 𝛽𝑦 ] 

 

Airy Stress Function approach form 
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If 𝑤 = 𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is a solution, 𝑤 = 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is also a solution? 𝑤 = 𝐴𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 or 

𝑤 = 𝐴𝑥𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦? 𝑤 = 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 ,  𝑤 = 𝐴𝑦2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 etc. 

 

1) 𝑤 = 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

𝜕4𝑤

𝜕𝑥4
= 4𝛼3𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 4𝛼4𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

2
𝜕4𝑤

𝜕𝑥2𝜕𝑦2
= 2(2𝛼𝛽2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝛼2𝛽2𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦) 

𝜕4𝑤

𝜕𝑦4
= 𝛽4𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

 

∆∆𝑤 = 𝜆𝑤 ⇒ 4𝛼3 = −4𝛼𝛽2 

        ⇒ 𝛼2 = −𝛽2 

   𝛼 = 𝑖𝛽, 𝛼 = 𝑖𝛽 

                  𝛼 = −𝑖𝛽, 𝛼 = −𝑖𝛽 
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If 𝑤 = 𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is a solution, 𝑤 = 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is also a solution? 𝑤 = 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 or 

𝑤 = 𝐴𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦? 𝑤 = 𝐴𝑦2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 𝑤 = 𝐴𝑥𝑦𝑒𝛼𝑥  𝐵𝑒𝛽𝑦 etc. 

 

1) 𝑤 = 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

𝜕4𝑤

𝜕𝑥4
= 12𝛼3𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 8𝛼3𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝛼4𝑥2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

2
𝜕4𝑤

𝜕𝑥2𝜕𝑦2
= 2(2𝛽2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 4𝛼𝛽2𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝛼2𝛽2𝑥2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦) 

𝜕4𝑤

𝜕𝑦4
= 𝛽4𝑥2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

 

∆∆𝑤 = 𝜆𝑤 ⇒  
12𝛼2 = −4𝛽2

8𝛼3 = −8𝛼𝛽2 

        ⇒  
3𝛼2 = −𝛽2

𝛼2 = −𝛽2  
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If 𝑤 = 𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is a solution, 𝑤 = 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 is also a solution? 𝑤 = 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 or 

𝑤 = 𝐴𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦? 𝑤 = 𝐴𝑦2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 𝑤 = 𝐴𝑥𝑦𝑒𝛼𝑥  𝐵𝑒𝛽𝑦 etc. 

 

1) 𝑤 = 𝐴𝑥3𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

𝜕4𝑤

𝜕𝑥4
= 24𝛼𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 36𝛼2𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 12𝛼3𝑥2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝛼4𝑥3𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

2
𝜕4𝑤

𝜕𝑥2𝜕𝑦2
= 2(6𝛽2𝑥𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 6𝛼𝛽2𝑥2𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝛼2𝛽2𝑥3𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦) 

𝜕4𝑤

𝜕𝑦4
= 𝛽4𝑥3𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 

 

∆∆𝑤 ≠ 𝜆𝑤  

Conclusion: 

𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦, 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 ,𝐴𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 , 𝐴𝑦2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 ,𝐴𝑥𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦, 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 etc. can not 

form a basis of the plate’s eigenfunction. 
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𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦, 𝐴𝑥𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 ,𝐴𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 , 𝐴𝑦2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 ,𝐴𝑥𝑦𝑒𝛼𝑥 𝐵𝑒𝛽𝑦, 𝐴𝑥2𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 etc. can not 

form a basis of the plate’s eigenfunction. 

 

1) 𝑤 = 𝐴𝑒𝛼𝑥 𝐵𝑒𝛽𝑦 + 𝐶𝑥𝑒𝛼𝑥 𝐷𝑒𝛽𝑦(+𝐸𝑦𝑒𝛼𝑥 𝐹𝑒𝛽𝑦) 

 only works for isotropic case 

 could be a solution of ∆∆𝑤 = 𝜆𝑤, but meanless for plate vibration 
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Normal eigenfunction (C=1): 

𝑤 𝑥, 𝑦 = Φ 𝑥  𝜓 𝑦  

Φ 𝑥 = −𝑐𝑜𝑠𝛼1𝑥 + 𝛽1 𝛼1 𝑘2𝑠𝑖𝑛𝛼1𝑥 + 𝑐𝑜𝑠ℎ𝛽1𝑥 − 𝑘2𝑠𝑖𝑛ℎ𝛽1𝑥 

𝜓 𝑦 = −𝑐𝑜𝑠𝛼2𝑦 + 𝛽2 𝛼2 𝑘1𝑠𝑖𝑛𝛼2𝑦 + 𝑐𝑜𝑠ℎ𝛽2𝑦 − 𝑘1𝑠𝑖𝑛ℎ𝛽2𝑦 

 

Self-joint operator: 

𝐿𝑤1, 𝑤2 = 𝑤1, 𝐿∗𝑤2   & 𝐿 = 𝐿∗ 

 with 𝐿𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

𝜆𝑛 − 𝜆𝑚 ≠ 0 ⇒ 𝑤𝑛 , 𝑤𝑚 = 0 

 

An orthonormal set in a Hilbert space is an orthonormal basis in this Hilbert space. 

 

1. Norm the eigenfunctions 

2. The inner product 𝑤1, 𝑤2  form a vector space W? 

3. This W is complete (Hilbert space)?  
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𝐿 = 𝐷1

𝜕4

𝜕𝑥4
  + 2𝐷3

𝜕4 

𝜕𝑥2𝜕𝑦2
  + 𝐷2

𝜕4

𝜕𝑦4
  

Assuming 𝑤1 & 𝑤2 two function satisfy 𝐿𝑤 = 𝜆𝑤 and the boundary conditions w =
𝜕𝑤

𝜕𝑥
= 0 for x=0,a and w =

𝜕𝑤

𝜕𝑦
= 0 for 

y=0,b 

Strain energy for orthotropic plate: 

𝑈 =
1

2
 𝐷1

𝜕2𝑤

𝜕𝑥2

2

  + 2𝐷12

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+ 𝐷2

𝜕2𝑤

𝜕𝑦2

2

+ 4𝐷66

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

=
1

2
 𝐷1

𝜕2𝑤

𝜕𝑥2

2

  + 2𝐷3

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

+ 𝐷2

𝜕2𝑤

𝜕𝑦2

2

+ 𝐷1𝜗21 + 𝐷2𝜗12

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
−

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

Strain energy for orthotropic plate: 

𝑈 =
1

2
 𝐷

𝜕2𝑤

𝜕𝑥2

2

  + 2𝜗
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑦2

2

+ 2 1 − 𝜗
𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

𝑤,𝑤 =  𝐿𝑤 ∙ 𝑤 𝑑𝑥𝑑𝑦 is the bending energy? 
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𝑤, 𝑤 =  𝐿𝑤 ∙ 𝑤 𝑑𝑥𝑑𝑦 

=  𝐷1

𝜕4𝑤

𝜕𝑥4
  + 2𝐷3

𝜕4 𝑤

𝜕𝑥2𝜕𝑦2
  + 𝐷2

𝜕4𝑤

𝜕𝑦4
𝑤𝑑𝑥𝑑𝑦 

  
𝜕4𝑤

𝜕𝑥4
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑥3
𝑤 

𝑥=0,𝑎

−  
𝜕3𝑤

𝜕𝑥3

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤

𝜕𝑥3

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 

= −  
𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑥
 
𝑥=0,𝑎

−  
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑥2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑥2
𝑑𝑥 𝑑𝑦 

 

  
𝜕4𝑤

𝜕𝑦4
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑦3
𝑤 

𝑦=0,𝑏

−  
𝜕3𝑤

𝜕𝑦3

𝜕𝑤

𝜕𝑦
𝑑𝑥 𝑑𝑦 = −  

𝜕3𝑤

𝜕𝑦3

𝜕𝑤

𝜕𝑦
𝑑𝑥 𝑑𝑦 

= − 
𝜕2𝑤

𝜕𝑦2

𝜕𝑤

𝜕𝑦
 
𝑦=0,𝑏

−  
𝜕2𝑤

𝜕𝑦2

𝜕2𝑤

𝜕𝑦2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤

𝜕𝑦2

𝜕2𝑤

𝜕𝑦2
𝑑𝑥 𝑑𝑦 
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𝜕4𝑤

𝜕𝑥2𝜕𝑦2
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑥𝜕𝑦2
𝑤 

𝑥=0,𝑎

−  
𝜕3𝑤

𝜕𝑥𝜕𝑦2

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤

𝜕𝑥𝜕𝑦2

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦

= −  
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
 
𝑦=0,𝑏

−  
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑦 𝑑𝑥 =   

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 

 
So, for clamped orthotropic plate: 

𝑈 = 𝑤, 𝑤 =  𝐿𝑤 ∙ 𝑤 𝑑𝑥𝑑𝑦 
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𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 with the eigenfunctions  Φ𝑚 𝑥 𝜓𝑛 𝑦  (orthogonal set)form a vector space? 

 

Three elements:   𝑤1 =   𝐴𝑚𝑛Φ𝑚𝜓𝑛𝑛𝑚  , 𝑤2 =   𝐵𝑚𝑛Φ𝑚𝜓𝑛𝑛𝑚  , 𝑤3 =   𝐶𝑚𝑛Φ𝑚𝜓𝑛𝑛𝑚 then 

 

𝑤1, 𝑤2 =  𝐿𝑤1 ∙ 𝑤2𝑑𝑥𝑑𝑦 =  𝑤1 ∙ 𝐿𝑤2𝑑𝑥𝑑𝑦 = 𝑤2, 𝑤1  

𝛼𝑤1, 𝑤2 =  𝐿𝛼𝑤1 ∙ 𝑤2𝑑𝑥𝑑𝑦 = 𝛼  𝑤1 ∙ 𝐿𝑤2𝑑𝑥𝑑𝑦 = 𝛼 𝑤1, 𝑤2  

𝑤1 + 𝑤2, 𝑤3 =  𝐿 𝑤1 + 𝑤2 ∙ 𝑤3𝑑𝑥𝑑𝑦 =  𝐿𝑤1 + 𝐿𝑤2 ∙ 𝑤3𝑑𝑥𝑑𝑦 =  𝐿𝑤1 ∙ 𝑤3𝑑𝑥𝑑𝑦 +  𝐿𝑤2 ∙ 𝑤3𝑑𝑥𝑑𝑦

= 𝑤1, 𝑤3 + 𝑤2, 𝑤3  

 

𝑤1, 𝑤1 =  𝐿𝑤1 ∙ 𝑤1𝑑𝑥𝑑𝑦 =  𝜆1𝑤1 ∙ 𝑤1𝑑𝑥𝑑𝑦 =  𝜆1| 𝑤1 |2𝑑𝑥𝑑𝑦 ≥ 0 

𝑤1, 𝑤1 = 0 ⇒ 𝑤1 = 0 
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A normed vector space V is complete if every Cauchy sequence converges. 

 

Cauchy sequence: for a given 𝜀 > 0sequence 𝑤 =   𝐴𝑚𝑛Φ𝑚𝜓𝑛𝑛𝑚  there exist M,N such 

as m,𝑚′ > 𝑀 & n, 𝑛′ > 𝑁,   𝐴𝑚′𝑛′Φ𝑚′𝜓𝑛′𝑛′𝑚′ −   𝐴𝑚𝑛Φ𝑚𝜓𝑛𝑛𝑚 < 𝜀. 

 

 


