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Overview of ARRAYCON 

MOTIVATION AND RESEARCH DIRECTION: 

 

 

Reduce mass 

Vibration & Vibroacoustic issues 

Active damping solution 

lightweight structure 

Design phase of the products 

Physical modeling 

Economize fuel, Increase range, speed and payload, etc. 
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Overview of ARRAYCON 

MOTIVATION AND RESEARCH DIRECTION: 

 

• Assuming the actuators do not affect on the mode shapes: 

Piezoelectric patches extract energy from structure => Amplitude attenuation 

of each mode 

 

• FEM modeling: modal analysis 

 

• Piezoelectric materials study 

1. Complexity of the actuators/sensors 

2. Non linearity of piezoelectric effect (Hysteresis, creep) 

 Analytical solution!  
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Analytical solution 

EQUATION OF MOTION: 

𝐷1

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥4 + 2𝐷3

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥2𝜕𝑦2 + 𝐷2

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑦4 + 𝜌ℎ
𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2 = 0 

 

𝑤 𝑥, 𝑦, 𝑡 = Φ 𝑥 𝜓 𝑦 exp⁡ 𝐽𝜔𝑡  

Eigen fonction: 

𝑤𝑖 = Φ 𝑥 𝜓 𝑦  

Φ 𝑥 = −𝑐𝑜𝑠𝛼1𝑥 + 𝛽1 𝛼1 𝑘2𝑠𝑖𝑛𝛼1𝑥 + 𝑐𝑜𝑠ℎ𝛽1𝑥 − 𝑘2𝑠𝑖𝑛ℎ𝛽1𝑥 

𝜓 𝑦 = −𝑐𝑜𝑠𝛼2𝑦 + 𝛽2 𝛼2 𝑘1𝑠𝑖𝑛𝛼2𝑦 + 𝑐𝑜𝑠ℎ𝛽2𝑦 − 𝑘1𝑠𝑖𝑛ℎ𝛽2𝑦 

 

Eigen value: 

Ω2 =
𝐷1

4
⁡ 𝛼1

2 + 𝛽1
2 2

+
𝐷1𝐷2 − 𝐷3

2

𝐷3
2 𝛼1

2 − 𝛽1
2 2

 

Ref: Y.F. Xing & B. Liu: New exact solutions for free vibrations of thin orthotropic rectangular plates 2008 
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Analytical solution 

OPERATOR DEFINITION: 

𝐷1

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥4 + 2𝐷3

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑥2𝜕𝑦2 + 𝐷2

𝜕4𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑦4 + 𝜌ℎ
𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2 = 0 

 

𝐿 = 𝐷1

𝜕4

𝜕𝑥4
⁡⁡+ 2𝐷3

𝜕4⁡

𝜕𝑥2𝜕𝑦2
⁡⁡+ 𝐷2

𝜕4

𝜕𝑦4
⇒ 𝐿𝑤 + 𝜌ℎ

𝜕2𝑤(𝑥, 𝑦, 𝑡)

𝜕𝑡2 = 0 

 

1. Modes’ orthogonality : proved by self-adjoint operator method 

𝑊 𝑥,𝑦,𝑡 =   𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝐶𝑚𝑛𝑒𝑗𝛺𝑚𝑛𝑡

∞

𝑛=1

∞

𝑚=1

 

2. Bending energy of a clamped/simple supported plate: 

𝑈 =
1

2
 𝐷1

𝜕2𝑤

𝜕𝑥2

2

⁡⁡+ 2𝐷3

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

+ 𝐷2

𝜕2𝑤

𝜕𝑦2

2

+ 𝐷1𝜗21 + 𝐷2𝜗12

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
−

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

⁡𝑈 = 𝑤, 𝑤 =
1

2
 𝐿𝑤 ∙ 𝑤⁡𝑑𝑥𝑑𝑦 

 

 

 

0 
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Analytical solution 

GREEN FUNCTION OF A SINGLE CLAMPED PLATE  

𝑊 𝑥,𝑦,𝑡 =   𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝐶𝑚𝑛𝑒𝐽𝛺𝑚𝑛𝑡

∞

𝑛=1

∞

𝑚=1

 

𝑊 
𝑥 ,𝑦 ,𝑡 =   𝐽𝜙𝑚(𝑥 )𝜓𝑛(𝑦 )𝐶𝑚𝑛𝑒𝐽𝛺𝑚𝑛𝑡

∞

𝑛=1

∞

𝑚=1

 

𝑊 
𝑥 ,𝑦 ,0 =   𝐽𝛺𝑚𝑛𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝐶𝑚𝑛

∞

𝑛=1

∞

𝑚=1

⇒ 𝐶𝑚𝑛 =
1

𝐽𝛺𝑚𝑛
 𝑊 

𝑥 ,𝑦 ,𝑡=0 𝜙𝑚(𝑥 )𝜓𝑛(𝑦 )𝑑𝑥 𝑑𝑦  

𝑊 𝑥,𝑦,𝑡 =   𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝑒𝐽𝛺𝑚𝑛(𝑡)

∞

𝑛=1

∞

𝑚=1

1

𝐽𝛺𝑚𝑛
 𝑊 

𝑥 ,𝑦 ,0 𝜙𝑚(𝑥 )𝜓𝑛(𝑦 )𝑑𝑥 𝑑𝑦  

𝑊 𝑥,𝑦,𝑡,𝜏 =    𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝑒𝐽𝛺𝑚𝑛(𝑡−𝜏)

∞

𝑛=1

∞

𝑚=1

1

𝐽𝛺𝑚𝑛
 𝑓 𝑥 ,𝑦 ,𝜏 𝜙𝑚(𝑥 )𝜓𝑛(𝑦 )𝑑𝑥 𝑑𝑦 𝑑𝜏 
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Analytical solution 

Green function of the plate coupled with extra patches 

Galerkin mehtod for a single plate: 

 𝐶𝑖  𝐿𝑊𝑖 − 𝜌ℎΩ2𝑊𝑖 𝑊𝑗

𝑖

𝑑𝑥𝑑𝑦 = 0 

The natural frequencies of the plate coupled with extra patches: 

𝛺𝑗 =
 𝐿𝑊𝑗 𝑊𝑗𝑑𝑥𝑑𝑦

 𝜌ℎΩ2𝑊𝑗𝑊𝑗𝑑𝑥𝑑𝑦
 

Weight of each mode: 

𝐶𝑗 =
1

𝐽𝛺𝑗
 𝑊 

𝑥 ,𝑦 ,𝑡=0 𝑊𝑗(𝑥 , 𝑦 )𝑑𝑥 𝑑𝑦  

Finally, 

𝑊 𝑥,𝑦,𝑡 =   𝜙𝑚(𝑥)𝜓𝑛(𝑦)𝐶𝑚𝑛𝑒𝑗𝛺𝑚𝑛𝑡

∞

𝑛=1

∞

𝑚=1

=  𝑊𝑖𝐶𝑖𝑒
𝐽𝛺𝑖𝑡

∞

𝑖=1

 

 

=
𝑆𝑡𝑟𝑎𝑖𝑛⁡𝑒𝑛𝑒𝑟𝑔𝑦

𝐼𝑛𝑒𝑟𝑡𝑖𝑎⁡𝑒𝑛𝑒𝑟𝑔𝑦
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Analytical solution 

Green function of the plate coupled with extra patches 

 

 𝐶𝑖  𝐿𝑊𝑖 − 𝜌ℎΩ2𝑊𝑖 𝑊𝑗

𝑖

𝑑𝑥𝑑𝑦 + 𝐶𝑖    𝐿′𝑊𝑖 𝑊𝑗𝑑𝑥 𝑑𝑦 

𝑖𝑘

− 𝐶𝑖  𝜌𝑘ℎ𝑘Ω𝑗
2   𝑊𝑖𝑊𝑗𝑑𝑥 𝑑𝑦 

𝑖𝑘

= 0 

  𝐿𝑊𝑖 − 𝜌ℎΩ2𝑊𝑖 𝑊𝑗

𝑖

𝑑𝑥𝑑𝑦 +    𝐿′𝑊𝑖 𝑊𝑗𝑑𝑥 𝑑𝑦 

𝑖𝑘

−  𝜌𝑘ℎ𝑘Ω𝑗
2   𝑊𝑖𝑊𝑗𝑑𝑥 𝑑𝑦 

𝑖𝑘

= 0 

 

The natural frequencies of the plate coupled with extra patches: 

𝛺𝑗
2 =

 𝐿𝑊𝑗 𝑊𝑗𝑑𝑥𝑑𝑦 +    𝐿′𝑊𝑖 𝑊𝑗𝑑𝑥 𝑑𝑦 𝑖𝑘

 𝜌ℎ𝑊𝑗𝑊𝑗𝑑𝑥𝑑𝑦 +  𝜌𝑘ℎ𝑘   𝑊𝑖𝑊𝑗𝑑𝑥 𝑑𝑦 𝑖𝑘

 

Weight of each mode: 

𝐶𝑗 =
1

𝐽𝛺𝑗
 𝑊 

𝑥 ,𝑦 ,𝑡=0 𝑊𝑗(𝑥 , 𝑦 )𝑑𝑥 𝑑𝑦 ±   𝑊 
𝑥 ,𝑦 ,𝑡=0 𝑊𝑗

 𝑑𝑥 𝑑𝑦 

𝑘

 

 

Strain energy of extra patches Inertia energy of extra patches Single plate system 
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Analytical solution 

Green function of the plate coupled with extra patches: Problems working on  

 

 

What’s type of the boundary condition? 

⁡1. Bending⁡energy⁡of⁡the⁡patch⁡𝑈 = 𝑤, 𝑤 =
1

2
 𝐿𝑤 ∙ 𝑤⁡𝑑𝑥 𝑑𝑦 ⁡? 

 2. The modes  of the plate are not locally orthogonal: Physical meaning of   𝑊𝑖𝑊𝑗𝑑𝑥 𝑑𝑦 𝑖  ? 

   𝐿′𝑊𝑖 𝑊𝑗𝑑𝑥 𝑑𝑦 

𝑖=1,2,3𝑘

=   

𝐿′𝑤1𝑤1 + 𝐿′𝑤1𝑤2 + 𝐿′𝑤1𝑤3

𝐿′𝑤2𝑤1 + 𝐿′𝑤2𝑤2 + 𝐿′𝑤2𝑤3

𝐿′𝑤3𝑤1 + 𝐿′𝑤3𝑤2 + 𝐿′𝑤3𝑤3

𝑑𝑥 𝑑𝑦 

𝑘
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Analytical solution 

Green function of the plate coupled with extra patches 

 

By assuming that the modes are independent : 

 

The natural frequencies of the plate coupled with extra patches: 

 

𝛺𝑗 =
 𝐿𝑊𝑗 𝑊𝑗𝑑𝑥𝑑𝑦 +   𝐿′𝑊𝑗 𝑊𝑗𝑑𝑥 𝑑𝑦 𝑘

 𝜌ℎ𝑊𝑗𝑊𝑗𝑑𝑥𝑑𝑦 +  𝜌𝑘ℎ𝑘  𝑊𝑗𝑊𝑗𝑑𝑥 𝑑𝑦 𝑘

 

Weight of each mode: 

𝐶𝑗 =
1

𝐽𝛺𝑗
 𝑊 

𝑥 ,𝑦 ,𝑡=0 𝑊𝑗(𝑥 , 𝑦 )𝑑𝑥 𝑑𝑦 ±   𝑊 
𝑥 ,𝑦 ,𝑡=0 𝑊𝑗

 𝑑𝑥 𝑑𝑦 

𝑘
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GUI tool 

Interface 

 
Plate size 

Material 

Vibration set 

Boundary condition 

Excitation set 

Eigenfrequencies 

modes 

Plotting method 

Orientation 



2015-04-23 

Restricted © Siemens AG 2015 

Page 12 Siemens PLM Software 

GUI tool 

Interface 

 

Plate size 

Material 

Vibration set 

Clmaped-Clamped 

Clamped Supported 

Clamped_free 

Supported-Supported 

Free-Free 

Excitation set 

Eigenfrequencies & modes 

Clmaped-Clamped 

Clamped Supported 

Clamped_free 

Supported-Supported 

Free-Free 

X： 

Y： 
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FEM modeling 

Matlab FEM modeling:  Kirchhoff plate, Quard element: 

 

𝒎 = 𝝆𝒔  𝑩𝜼
𝑻𝒁𝑻𝒁𝑩𝜼𝒅𝑽𝒔

⁡

𝑽𝒔

+ 𝝆𝒑  𝑩𝜼
𝑻𝒁𝑻𝒁𝑩𝜼𝒅𝑽𝒑

⁡

𝑽𝒑

 

𝒌 =  𝒛 − 𝜹 𝟐𝑩𝒌
𝑻𝒄𝒔𝑩𝜼𝒅𝑽𝒔

⁡

𝑽𝒔

+  𝒛 − 𝜹 𝟐𝑩𝒌
𝑻𝒄𝒑𝑩𝒌𝒅𝑽𝒑

⁡

𝑽𝒑

 

 

𝑴𝒖 + (𝑲 + 𝑲𝒊𝒏𝒅)𝒖 = 𝟎 
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FEM modeling 

Mode shape of a clamped Al plate with one extra patch modeling by Matlab 

41.3Hz 63.4Hz 100.8Hz 102.5Hz 121.8Hz 

154.8Hz 158.0Hz 192.7Hz 207.7Hz 213.6Hz 

extra patch 

Al plate 600mmx400mmx1mm, extra patch thickness 0.25mm 
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FEM modeling 

 Mode shape of a clamped Al plate with one extra patch modeling by LMS virtual 

lab and NX Nastran 

 

41.6Hz 64.4Hz 101.9Hz 102.8Hz 123.7Hz 

154.9Hz 158.9Hz 193.7Hz 208.7Hz 214.5Hz 

extra patch 

Al plate 600mmx400mmx1mm, extra patch thickness 0.25mm 
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FEM modeling 

  

mode 
Plate with one piezo patch by Virtual lab & 

NX Natstran [Hz] 
Plate with one piezo patch by Matlab [Hz] 

1 41.6 41.4 

2 64.4  63.5 

3 101.9  100.8 

4 102.8  102.5 

5 123.7  121.8 

6 154.9  154.8 

7 158.9  158.0 

8 193.7  192.7 

9 208.7  207.7 

10 214.5  213.6 

Eigen frequencies validation: 
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FEM modeling 

Patches positioning 
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FEM modeling 

Patches positioning 

 

Patches 
Max 

deflection 

0 0.560 

1 0.417 

2 0.410 

3 0.427 

4 0.311 

The weight of the modes are not considered here. 

Patches 
Max 

deflection 

0 0.562 

1 0.352 

2 0.416 

3 0.401 

4 0.296 

Patches 
Max 

deflection 

0 0.713 

1 0.598 

2 0.524 

3 0.672 

4 0.642 

following the 

maximum 

displacement on the 

plate (10 modes) 

following the 

maximum 

displacement of 

modes (10 modes) 

following the 

maximum 

displacement of 

modes  (20 modes) 
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Eigen frequencies validation 

  

mode 
Single plate by  Virtual 

lab & NX Natstran [Hz] 

Single plate FEM by 

Matlab [Hz] 

Single plate Analytical 

solution [Hz] 

Single plate Galerkin 

method [Hz] 

1 41.5  41.3 40.7 41.4 

2 63.9  63.7 63.1 64.0 

3 101.7  101.2 101.1 101.4 

4 101.9  101.6 101.4 102.0 

5 121.9  121.8 121.7 122.3 

6 154.5  154.0 -- -- 

7 156.7  156.9 157.3 158.1 

8 192.8  191.8 191.9 192.0 

9 206.1  206.6 -- -- 

10 211.8  211.4 212.1 212.5 

Al plate 600mmx400mmx1mm 
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Piezo project 

 

 

1. Complexity of the piezo actuators/sensors 

2. Effective properties of the actuators/sensors 

Multiple layers of piezo crystals, electrodes   

Boundary condition of the actuators 

Could be used in the project (experiments) 

Simplified modeling in numerical simulation 

Piezo porject: numerical modeling + experiment 
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Piezo project 

1. Detail model in SAMCEF (layers and electrodes) 

2. Benchmark against 1D (Beam model) 

3. Execute experimental campaign (single clamped-free actuator) 

• With mechanical excitation 

• With electrical excitation 

4. Comparison between simulation and experiments 
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Piezo project 
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Piezo project 

Piezo Ceramic material: PZT 5H properties 

 

 

Source: www.efunda.com/materials/piezo/material_data 

Rectangular 

section 

Beam/Plate 

Length 12 [mm] 

width 9.6 [mm] 

Thickness 0.65 [mm] 

E 139e9 [Pa] 

Poisson ratio 0.29 

density 7500 [kg/m^3] 
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Piezo project 

Matlab static modeling validation: Displacement in z direction: F=10N 
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Piezo project 

Matlab piezoelectric modeling validation: Displacement in z direction: F=10N 

 

Bending without 

piezo effect 

0.3967mm 

Bending with 

piezo effect 

0.3142mm 

Bending without 

piezo effect  

0.4135mm 

Bending with 

piezo effect 

0.3377mm 
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Piezo project 

Piezoelectric modeling validation: Voltage produced by force: F=10N 

 Rectangular 

section 

Beam/Plate 

Length 12 [mm] 

width 9.6 [mm] 

Thickness 0.65 [mm] 

E 66e9 [Pa] 

Poisson ratio 0.29 

density 7500 [kg/m^3] 

Section [mm] 
Collective 

edof 
Individual edofs 

X=0.75 

107.29V 

250.45V 
235.38V 

X=1.5 220.36V 

X=2.25 197.37V 
187.00V 

X=3 176.73V 

X=3.75 158.15V 
149.56V 

X=4.5 141.03V 

X=5.25 124.96V 
117.30V 

X=6 109.68V 

X=6.75 94.96V 
87.79V 

X=7.5 80.64V 

X=8.25 66.57V 
59.58V 

X=9 52.62V 

X=9.75 38.67V 
31.60V 

X=10.5 24.59V 

X=11.25 10.26V 
2.70V 

X=12 -4.59V 

edofs average 107.29V 108.90V 108.86V 

Modeling Voltage output 

Matlab 1D 227.91V 

Matlab 2D 250.85V 

Matlab modeling calculate the voltage 

difference between X=0mm and 

X=12mm  
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Simulation result 

 

 

 

 

 

 

Simulation 

Maxmum 

displacement 

[μm] 

Error  

SAMCEF 2D 6.507--5.735 -- 

Matlab 1D 5.327 -7.11% 

Matlab 2D 6.291—5.561 -3.32%-- -3.03% 

Static 

modeling 

Max 

displace

ment 

[mm] 

Error  Error  

Compare 

with 

SAMCEF 

1D 

Compare 

with 

SAMCEF 

2D 

SAMCEF 

1 D 

0.189 -- 

SAMCEF 

2D 

0.181 -- 

Matlab 

1D 

0.189 0% 4.42% 

Matlab 

2D 

0.180 -4.76% -5.5% 

Simulati

on 

Maxmum 

displacement 

[mm] 

Maxmum 

displacement 

[mm] 

Error  

SAMCEF 

2D 

0.3814 

(0.3981 for 1D) 

0.3287 -- 

Matlab 

1D 

0.3967 0.3142 -4.41% 

Matlab 

2D 

0.4135 0.3377 2.74% 

The 1D matlab simulation have a larger error: 

    The structure is more like a plate than a beam. 

 

Static modeling F=10N Piezoelectric effect static modeling F=10N 

Voltage bending V=38V 
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Conclusion 

ARRAYCON 

 

• Analytical study: Green function for the whole system (plate + extra patches)  

• GUI tool serve to  the control validation  

• FEM modeling serve to the piezoelectric actuators/sensors coupling study 

• Analytical solution and FEM solution validation 

• Study of a piezo actuator (Piezo project) 
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Thanks for your attention! 
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Orthogonality 

PROOF OF SELF-ADJOINT OPERATOR 

𝐿 = 𝐷1

𝜕4

𝜕𝑥4
⁡⁡+ 2𝐷3

𝜕4⁡

𝜕𝑥2𝜕𝑦2
⁡⁡+ 𝐷2

𝜕4

𝜕𝑦4
⁡ 

Assuming 𝑤1 & 𝑤2⁡two function satisfy⁡𝐿𝑤 = 𝜆𝑤⁡and the boundary conditions w =
𝜕𝑤

𝜕𝑥
= 0 

for x=0,a and w =
𝜕𝑤

𝜕𝑦
= 0 for y=0,b 

𝐿𝑤1, 𝑤2 =  𝐿𝑤1 ∙ 𝑤2𝑑𝑥𝑑𝑦 

𝐿𝑤1, 𝑤2 = 𝑤1, 𝐿
∗𝑤1 ⁡⇒ 𝐿 = 𝐿∗? 

  
𝜕4𝑤1

𝜕𝑥4
𝑤2 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤1

𝜕𝑥3
𝑤2 

𝑥=0,𝑎

−  
𝜕3𝑤1

𝜕𝑥3

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤1

𝜕𝑥3

𝜕𝑤2

𝜕𝑥
𝑑𝑥 𝑑𝑦

= −  
𝜕2𝑤1

𝜕𝑥2

𝜕𝑤2

𝜕𝑥
 
𝑥=0,𝑎

−  
𝜕2𝑤1

𝜕𝑥2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤1

𝜕𝑥2

𝜕2𝑤2

𝜕𝑥2
𝑑𝑥 𝑑𝑦

=  
𝜕𝑤1

𝜕𝑥

𝜕2𝑤2

𝜕𝑥2
 
𝑥=0,𝑎

−  
𝜕𝑤1

𝜕𝑥

𝜕3𝑤2

𝜕𝑥3
𝑑𝑥 𝑑𝑦 = −   

𝜕𝑤1

𝜕𝑥

𝜕3𝑤2

𝜕𝑥3
𝑑𝑥 𝑑𝑦 = −  𝑤1

𝜕3𝑤2

𝜕𝑥3
 
𝑥=0,𝑎

−  𝑤1

𝜕4𝑤2

𝜕𝑥4
𝑑𝑥 𝑑𝑦

=   𝑤1

𝜕4𝑤2

𝜕𝑥4
𝑑𝑥𝑑𝑦 
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Orthogonality 

PROOF OF SELF-ADJOINT OPERATOR 

In  the same way, 

  
𝜕4𝑤1

𝜕𝑦4
𝑤2 𝑑𝑥𝑑𝑦 =   𝑤1

𝜕4𝑤2

𝜕𝑦4
𝑑𝑥𝑑𝑦 

 
we know that 𝑤1 = 𝑤1

1 𝑥 ∙ 𝑤1
2
(𝑦)&𝑤2 = 𝑤2

1 𝑥 ∙ 𝑤2
2
(𝑦) 

 

𝜕4𝑤1

𝜕𝑥2𝜕𝑦2
𝑤2 =

𝜕2𝑤1
1

𝜕𝑥2

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

1𝑤2
2 

 

  
𝜕2𝑤1

1

𝜕𝑥2

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

1𝑤2
2 𝑑𝑥𝑑𝑦 =  

𝜕𝑤1
1

𝜕𝑥
𝑤2

1
𝜕2𝑤1

2

𝜕𝑦2
𝑤2

2 
𝑥=0,𝑎

−  
𝜕𝑤1

1

𝜕𝑥

𝜕𝑤2
1

𝜕𝑥

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

2 𝑑𝑥 𝑑𝑦

= −   
𝜕𝑤1

1

𝜕𝑥

𝜕𝑤2
1

𝜕𝑥

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

2 𝑑𝑥 𝑑𝑦 = −  𝑤1
1
𝜕𝑤2

1

𝜕𝑥

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

2 
𝑥=0,𝑎

−  𝑤1
1
𝜕2𝑤2

1

𝜕𝑥2

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

2 𝑑𝑥 𝑑𝑦

=   𝑤1
1
𝜕2𝑤2

1

𝜕𝑥2

𝜕2𝑤1
2

𝜕𝑦2
𝑤2

2 𝑑𝑥𝑑𝑦 = ⋯ =   𝑤1
1𝑤1

2
𝜕2𝑤2

1

𝜕𝑥2

𝜕2𝑤2
2

𝜕𝑦2
𝑑𝑥𝑑𝑦 
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Orthogonality 

PROOF OF SELF-ADJOINT OPERATOR 

 

So 

𝐿𝑤1, 𝑤2 = 𝑤1, 𝐿
∗𝑤2 ⁡ & 𝐿 = 𝐿∗ 

 with 𝐿𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

Then 

𝐿𝑤𝑛, 𝑤𝑚 − 𝑤𝑛, 𝐿𝑤𝑚 = 0 

 

𝜆𝑛 − 𝜆𝑚 ∙ 𝑤𝑛, 𝑤𝑚 = 0 

 

𝜆𝑛 − 𝜆𝑚 ≠ 0 ⇒ 𝑤𝑛, 𝑤𝑚 = 0 
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Inner product 

STRAIN ENERGY 

𝐿 = 𝐷1

𝜕4

𝜕𝑥4
⁡⁡+ 2𝐷3

𝜕4⁡

𝜕𝑥2𝜕𝑦2
⁡⁡+ 𝐷2

𝜕4

𝜕𝑦4
⁡ 

Assuming 𝑤1 & 𝑤2⁡two function satisfy⁡𝐿𝑤 = 𝜆𝑤⁡and the boundary conditions w =
𝜕𝑤

𝜕𝑥
= 0 for x=0,a and w =

𝜕𝑤

𝜕𝑦
= 0 for 

y=0,b 

Strain energy for orthotropic plate: 

𝑈 =
1

2
 𝐷1

𝜕2𝑤

𝜕𝑥2

2

⁡⁡+ 2𝐷12

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+ 𝐷2

𝜕2𝑤

𝜕𝑦2

2

+ 4𝐷66

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

=
1

2
 𝐷1

𝜕2𝑤

𝜕𝑥2

2

⁡⁡+ 2𝐷3

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

+ 𝐷2

𝜕2𝑤

𝜕𝑦2

2

+ 𝐷1𝜗21 + 𝐷2𝜗12

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
−

𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

Strain energy for isotropic plate: 

𝑈 =
1

2
 𝐷

𝜕2𝑤

𝜕𝑥2

2

⁡⁡+ 2𝜗
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+

𝜕2𝑤

𝜕𝑦2

2

+ 2 1 − 𝜗
𝜕2𝑤

𝜕𝑥𝜕𝑦

2

𝑑𝑥𝑑𝑦 

𝑢, 𝑣 =  𝐿𝑢 ∙ 𝑣𝑑𝑥𝑑𝑦 

𝑤, 𝑤 =  𝐿𝑤 ∙ 𝑤⁡𝑑𝑥𝑑𝑦⁡is the bending energy? 

0 



2015-04-23 

Restricted © Siemens AG 2015 

Page 34 Siemens PLM Software 

Inner product 

STRAIN ENERGY 
 

𝑤, 𝑤 =  𝐿𝑤 ∙ 𝑤⁡𝑑𝑥𝑑𝑦 

=  𝐷1

𝜕4𝑤

𝜕𝑥4
⁡⁡+ 2𝐷3

𝜕4⁡𝑤

𝜕𝑥2𝜕𝑦2
⁡⁡+ 𝐷2

𝜕4𝑤

𝜕𝑦4
𝑤𝑑𝑥𝑑𝑦 

  
𝜕4𝑤

𝜕𝑥4
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑥3
𝑤 

𝑥=0,𝑎

−  
𝜕3𝑤

𝜕𝑥3

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤

𝜕𝑥3

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 

= −  
𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑥
 
𝑥=0,𝑎

−  
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑥2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑥2
𝑑𝑥 𝑑𝑦 

 

  
𝜕4𝑤

𝜕𝑦4
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑦3
𝑤 

𝑦=0,𝑏

−  
𝜕3𝑤

𝜕𝑦3

𝜕𝑤

𝜕𝑦
𝑑𝑥 𝑑𝑦 = −  

𝜕3𝑤

𝜕𝑦3

𝜕𝑤

𝜕𝑦
𝑑𝑥 𝑑𝑦 

= − 
𝜕2𝑤

𝜕𝑦2

𝜕𝑤

𝜕𝑦
 
𝑦=0,𝑏

−  
𝜕2𝑤

𝜕𝑦2

𝜕2𝑤

𝜕𝑦2
𝑑𝑥 𝑑𝑦 =   

𝜕2𝑤

𝜕𝑦2

𝜕2𝑤

𝜕𝑦2
𝑑𝑥 𝑑𝑦 
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Inner product 

STRAIN ENERGY 

 

  
𝜕4𝑤

𝜕𝑥2𝜕𝑦2
𝑤 𝑑𝑥𝑑𝑦 =  

𝜕3𝑤

𝜕𝑥𝜕𝑦2
𝑤 

𝑥=0,𝑎

−  
𝜕3𝑤

𝜕𝑥𝜕𝑦2

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦 = −   

𝜕3𝑤

𝜕𝑥𝜕𝑦2

𝜕𝑤

𝜕𝑥
𝑑𝑥 𝑑𝑦

= −  
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑥
 
𝑦=0,𝑏

−  
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑦 𝑑𝑥 =   

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦 

 
So, for clamped orthotropic plate: 

𝑈 = 𝑤, 𝑤 =  𝐿𝑤 ∙ 𝑤⁡𝑑𝑥𝑑𝑦 


